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Abstract
We emphasize the role of the x dependence of the quark condensate 〈|q¯(0)q(x)|〉 orig-
inated by the zero fermion modes in the instanton vacuum. The effect is not negligible
since the inverse size of the instanton 1/ρ ≃ 600 MeV is comparable with the value of
Borel mass M ∼ 1 GeV. Using as an example the sum rules for the nucleon we show
that this ”non-locality” may strongly affected the conventional results obtained under the
〈|q¯(0)q(x)|〉 = 〈|q¯(0)q(0)|〉 approximation.
1 Introduction
The idea of the sum rules (SR) approach is to express the characteristics of the observed
hadrons in terms of the vacuum expectation values of the QCD operators, often referred to as
the condensates. It was suggested in [1] for calculation of the characteristics of mesons. Later
it was used for the nucleons [2]. It succeeded in calculation of the nucleon mass, anomalous
magnetic moment, axial coupling constant, etc. [3].
The QCD sum rules approach is based on the dispersion relation for the function describing
the propagation of the system which carries the quantum numbers of the hadron. This function
is usually referred to as the ”polarization operator” Π(q), with q the four-momentum of the
system. The dispersion relation in which we do not take care of the subtractions reads
Π(q2) =
1
pi
∫
dk2
ImΠ(k2)
k2 − q2
. (1)
Thanks to the asymptotic freedom of QCD the polarization operator, Π(q2), on the left hand
side (LHS) can be calculated at high negative momentum q2. The large distances contribution
is included within the framework of the Operator Product Expansion (OPE) in terms of the
vacuum expectation values of some local operators like 〈|q¯(0)q(0)|〉, 〈|αs
pi
Gaµν(0)Gaµν(0)|〉, ...,
so-called ”condensates”. As a rule the expectation values of these operators, 〈|On|〉, are of the
1
order of (250MeV)n, where n is the dimension of the corresponding operator. So at a large
−q2 the expansion of the type
∑
〈|On|〉/q
n is well convergent.
On the other hand the same quantity may be calculated as the dispersion integral (1) over
the positive k2 where the discontinuity, ImΠ, is given by the lowest pole (that is the contribution
of our hadron of interest) and some heavier (continuum) states assuming that the ”continuum”
contribution is described by the same expressions as that used on the LHS. In other words
something like the ”local parton-hadron duality” is assumed.
The parameters which phenomenologically describe the ImΠ(k2) on the RHS of (1) are
tuned in such a way to reproduce (as well as possible) the LHS calculated within the pertur-
bative QCD and OPE approach. Of course, in a relatively simple parametrization this in not
possible in the whole q2. It becomes possible in some limited interval, say, q2left < q
2 < q2right,
called the duality interval. The corresponding values of |q2| in this duality interval should not
be too small in order to justify pQCD and to provide a good OPE convergency on the LHS.
They should not be too large - not too loose the sensitivity to the parameters of the pole
contribution in the RHS.
The polarization operator can be written as
Π(q2) = i
∫
d4xei(q·x)〈0|T [j(x)j¯(0)]|0〉, (2)
where j(x) is the local operator with the hadron quantum numbers, often referred to as “cur-
rent”. It is a composition of the quark operators.
To suppress further the higher mass (continuum) contribution, the Borel transform is used,
which is equivalent to inclusion of an additional factor e−k
2/M2 in the integrand in the dispersion
integral (1). The Borel transform converts the functions of q2 to the functions of the Borel mass
M2. Note also that the Borel transform removes the divergent contributions caused by behavior
of the integrand in the integral on the RHS of Eq. (2) at the lower limit. The hope is that
there is an interval of the values of M2 where the two sides of the SR have a good overlap,
approximating also the true functions.
To calculate the polarization operator defined by Eq. (2) we must clarify the form of the
current j(x). Following [2, 4] we use for the proton
j(x) = (uTa (x)Cγµub(x))γ5γ
µdc(x)ε
abc. (3)
The strong point of this choice is that it makes the domination of the lowest pole contribution
in the RHS of (1) more pronounced.
Now let us come back to the convergency of the OPE. The polarization operator (2) includes
the fields measured at the coordinates x and 0, like 〈|q¯(0)q(x)|〉. However the contribution of
nonlocal expectation value 〈|q¯(0)q(x)|〉 is usually replaced by the value 〈|q¯(0)q(0)|〉.
Strictly speaking, the original operator is not local and may have some x dependence. If
the x dependence is rather flat we may neglect it or to add few first terms of the x2 expansion
which looks symbolically1 like 〈|q¯(0)q(x)|〉 = 〈|q¯(0)q(0)|〉 + x2d〈|q¯(0)q(x)|〉/dx2|x=0 + ...; the
characteristic value of x2 here is driven by the exponential factor in (2), that is x2 ∼ 1/q2.
1To provide the gauge invariance we have to use actually the covariant (”long”) derivative Dµ.
2
However when the original ”condensate” varies at the scale close to the Borel mass M2 we have
to take care about this (x-dependence) more seriously 2.
In terms of OPE the value of the corresponding vacuum expectation of operator 〈|q¯D2q|〉 was
evaluated to be rq = 〈|q¯D
2q|〉/〈|q¯q|〉 = 0.4 ± 0.1 GeV2 [5] (here D is the covariant derivative).
However a three time larger value was obtained in the instanton-liquid model [6]. That is
actually the parameter of expansion rq/M
2 ∼ 1 is rather large and it may be not sufficient to
account just for a few first terms. The structure of the condensates should be considered in
more details 3.
What is the origin of the 〈|q¯(0)q(x)|〉 condensate? Usually it is assumed that the QCD vac-
uum is filled by instantons and the vacuum expectations 〈|αs
pi
Ga µνGaµν |〉 and 〈|q¯q|〉 are caused
by the instanton gluon field and the quark zero mode in this instanton field (see, e.g., [8, 9, 10]).
Therefore we consider the instanton vacuum model. The problem is that the typical size of the
instanton 1/ρ ∼ 600 MeV is not much larger than the inverse Borel mass M ∼ 1GeV. This
means that assuming that the condensates are mainly originated by the instantons we can not
neglect the x-dependence of the corresponding operators. The new dimensionless parameter on
the LHS of (1) is ρ2 q2 ∼ 1 or in terms of the Borel mass the parameter ρ2M2 is of the order
ρ2M2 ∼ 1 at the region of the suitable values of M2. Thus we have to account for the fact that
the ”condensates” are not homogeneous and its expectation values can not be replaced by the
local quantities taken at x = 0.
In the present paper we study the role of such a ”non-locality” in SR for nucleon based on
the instanton vacuum model where the q¯q condensate is formed by the quark zero mode wave
functions around the instanton. In Sec. 2 we recall the main details of QCD sum rules for the
nucleon. In Sec. 3 we consider a simplified model where the x-dependence of the instanton
induced condensates is included explicitly. The results are presented in Tables 1,2 and are
discussed in Subsec. 3.3. Some comments about the previous attempts to account for the
instanton effects in QCD sum rules for the nucleon are placed in Sec. 4. We conclude in Sec. 5.
Clearly, the structure of the QCD sum rules, that is the relative contributions of different terms,
are noticeably affected by accounting for the condensates non-locality. However the QCD sum
rules still may reproduce the value of nucleon mass observed experimentally.
2 QCD sum rules for nucleon without the instantons
In the case of nucleon (we consider the proton) the polarization operator takes the form
Π(q) = qˆΠq(q2) + IΠI(q2), (4)
2 Recall that the nonlocal expectation values 〈0|q¯(0)q(x)|0〉 is not gauge invariant. To deal with the gauge
invariant quantities it should be supplemented by the P -exponent from x to 0. However the current j in (2) is
colorless and the whole P -exponent which accounts for all three quark lines is equal to 1. Therefore below we
shall omit these P -exponents factors. Moreover, since actually we shall deal just with zero mode of the quark
wave function in the instanton gluon field, already averaged over the colour indexes, it is sufficient to include
the effect of the 〈0|q¯(0)q(x)|〉 contribution as some dynamical mass in the original quark propagator.
3For the case of wave function of a pion the role of nonlocal condensates was discussed in [7].
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with q the four-momentum of the system, qˆ = qµγ
µ, I is the unit matrix. Now we have the
dispersion relations for each component.
Πi(q2) =
1
pi
∫
dk2
ImΠi(k2)
k2 − q2
; i = q, I (5)
(we do not take care of the subtractions).
The left hand side of Eq. (5) is calculated as the OPE series. The imaginary part on the right
hand side describes the physical states with the proton quantum numbers. That is in ImΠ(k2)
we have to include the proton pole and the cuts corresponding to the systems containing the
nucleon and pions, etc. Usually the RHS of Eq. (5) is approximated by the ”pole+continuum”
model [1, 2] in which the lowest lying pole is written down exactly, while the higher states are
described by the same perturbative contribution as that on the LHS but only starting from
some continuum threshold W 2. Thus Eqs. (5) take the form
Πi OPE(q2) =
λ2Nξ
i
m2 − q2
+
1
2pii
∞∫
W 2
dk2
∆Πi OPE(k2)
k2 − q2
; i = q, I. (6)
Here ξq = 1, ξI = m. The upper index OPE means that several lowest OPE terms are
included. Note that the “pole+continuum” presentation of the RHS makes sense only if its
first term, treated exactly, is larger than the second term, which approximates the higher
states. The position of the lowest pole m, its residue λ2N and the continuum threshold W
2
are the unknowns of Eqs. (6). These parameters are fitted in such a way to provide the (as
possible) ”exact” equality between the LHS and the RHS of (6) in a limited region of q2.
The corresponding fitting procedure called the ”solution” of (6) and the limited region of
q2 – the duality interval. One usually applies the Borel transform which converts the functions
of q2 to the functions of the Borel mass M2. An important assumption is that there is an
interval of the values of M2 where the two sides of the SR have a good overlap, approximating
also the true functions. This interval is in the region of 1GeV2. For a lower M2 we loose
the accuracy of calculation on the LHS; the convergency of the OPE becomes worse and the
higher αs order QCD corrections increase. For a larger M
2 the sensitivity of the RHS to the
proton pole contribution falls down. Thus actually one tries to expand the OPE from the high
momentum region to the region of 1GeV2.
To calculate the LHS the polarization operator (2), the Ioffe current (3) is used. Then the
LHS of Eq. (6) can be written as
Πq OPE(q2) =
∑
n=0
An(q
2); ΠI OPE(q2) =
∑
n=3
Bn(q
2) (7)
where the lower index n is the dimension of the corresponding QCD condensate (A0 stands for
the three-quark loop). The most important terms for n ≤ 6 were obtained earlier [2, 3]
A0 =
−Q4 lnQ2
64pi4
; A4 =
−b lnQ2
128pi4
; A6 =
1
24pi4
a2
Q2
; B3 =
aQ2 lnQ2
16pi4
, (8)
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with Q2 = −q2 > 0, while a and b are the scalar and gluon condensates multiplied by certain
numerical factors
a = −(2pi)2〈0|q¯q|0〉; b = (2pi)2〈0|
αs
pi
GaµνGaµν |0〉. (9)
Actually, one usually considers the SR for the operators Πi OPE1 (q
2) = 32pi4Πi OPE(q2). The
factor 32pi4 is introduced in order to deal with the values of the order of unity (in GeV units).
After the Borel transform B we write (7) as
BΠq1(q
2) =
∑
n=0
A′n(M
2); BΠI1(q
2) =
∑
n=3
B′n(M
2); A′n(M
2) = 32pi4BAn(q
2). (10)
B′n(M
2) = 32pi4BBn(q
2).
Here we present the most important terms
A′0(M
2) =M6; A′4(M
2) =
bM2
4
; A′6 =
4
3
a2; B′3(M
2) = 2aM4. (11)
The Borel transformed SR (6) can be written now as
BΠi1(M
2) = F ip(M
2) + F ic(M
2), (12)
where the two terms on the RHS are the contribution of the pole and that of the continuum:
F ip(M
2) = ξiλ
2e−m
2/M2 ; F ic(M
2) =
∫
∞
W 2
dk2e−k
2/M2∆[BΠ1(k
2)]. (13)
The conventional form of the SR is
Lq(M2,W 2) = Rq(M2), (14)
and
LI(M2,W 2) = RI(M2). (15)
Here Li and Ri are the Borel transforms of the LHS and of the RHS of Eqs. (6), correspondingly
Rq(M2) = λ2e−m
2/M2 ; RI(M2) = mλ2e−m
2/M2 , (16)
with λ2 = 32pi4λ2N . The contribution of the continuum is moved to the LHS of Eqs. (14, 15)
which can be written as
Lq =
∑
n=0
A˜n(M
2,W 2); LI =
∑
n=3
B˜n(M
2,W 2), (17)
-see Eq. (10). Where
A˜0 =
M6E2(γ)
L(M2)
; A˜4 =
bM2E0(γ)
4L(M2)
; (18)
A˜6 =
4
3
a2L(M2); B˜3 = 2aM
4E1(γ); γ =
W 2
M2
,
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with
E0(γ) = 1− e
−γ , E1(γ) = 1− (1 + γ)e
−γ , E2(γ) = 1− (1 + γ + γ
2/2)e−γ. (19)
The factor
L(M2) =
( lnM2/Λ2
lnµ2/Λ2
)4/9
(20)
includes the most important radiative corrections of the order αs ln (Q
2) 4. These contributions
were summed to all orders of (αs lnQ
2)n. In Eq. (20) Λ = ΛQCD is the QCD scale, while µ is
the normalization point, the standard choice is µ = 0.5GeV.
3 Polarization operator in instanton medium
The nucleon polarization operator is driven by the ”three quark” Green function which describes
the propagation of three quarks from the point x to the point 0. Recall that the quarks
propagate not in the empty vacuum. The vacuum is filled by the instantons which modify the
quark Green functions.
3.1 One instanton approximation
Let us assume that all the vacuum expectation values of different OPE operators are caused
by the instantons. Moreover the separation, R, between the instantons is relatively large.
After the averaging over the instanton orientation there is an effective repulsion between the
instantons; a reasonable estimate is R ∼ 1 fm [8, 9, 10, 11] which is much larger than the
inverse Borel mass, 1/M ∼ 0.2 fm in the duality interval used for sum rule solution. Starting
with the large negative q2 on the LHS of sum rules we deal with the case when in the domain
of interest, that is in the domain occupied by the polarization operator (2), there is only one
instanton. Note that here we consider the usual approximation where the modification of the
quark propagators is caused just by the zero fermion mode in the instanton field, neglecting
the possible contribution of higher modes; the quark propagator is written as a sum of the free
quark (pertubative QCD) propagator and the zero mode contribution.
In such a situation the instanton can modify the propagator of only one quark (the d-quark
in the proton) in the polarization operator formed by the Ioffe current (3). There is no 4-quark
〈u¯u¯uu〉 contribution since only one u quark can be placed in the zero mode of the instanton.
On the other hand the two quark ud, instanton induced contribution (that is the contribution
of the instanton induced 〈u¯d¯ud〉 condensate) vanishes for the current (3). Therefore in (7) the
only non-vanishing terms are A0 (Fig. 1) - the pure perturbative contribution and B3 - which
accounts for the 〈|q¯(0)q(x)|〉 condensate. In such a model there are no four and six (〈q¯q¯qq〉 and
〈q¯q¯q¯qqq〉) quark condensate contributions. Correspondingly, the term A4 which accounts for
the quark-quark correlation in the ”vacuum” gluon field absents as well. One can say that (in
our model) these correlations nullify the contribution of the 〈q¯q¯qq〉 and 〈q¯q¯q¯qqq〉 condensates
in the case of the Ioffe current (3).
4Here the one loop running αs with three light quark was used.
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However now we account for the x-dependence (non-locality) of the 〈|q¯q|〉 condensate. This
can be done in terms of the effective (dynamical) quark mass, m(p). It was shown that the
quark propagation in instanton medium may be described by the Green function, which in the
momentum representation takes the form [9, 10]
S(p) =
pˆ+ im(p)
p2 +m2(p)
= SI(p) + SQ(p), (21)
with SI and SQ corresponding to the structures proportional to the unit matrix I and to pˆ.
In our case, when we consider a small space-domain where the quark interacts with one
instanton only we write:
SQ(p) =
pˆ
p2
; SI(p) = i
m(p)
p2
. (22)
That is, following the previous discussion, we must include only the terms linear in m(p).
The momentum dependence of m(p) reflects the x dependence of the zero mode quark wave
function while the normalization, m(0), is driven by the value of local 〈|q¯(0)q(0)|〉 condensate
(see (28) in the next section). Since all propagators are diagonal in color, we shall present
the contributions summed over the color indices. Here SI is the zero-mode contribution. The
sum of all the nonzero-mode contributions is approximated thus by the free propagator of the
massless quark SQ(p).
3.2 Contributions to polarization operator
The leading contribution A0 to the Qˆ structure remains unchanged . However, the leading
contribution B3 to the I structure is now
5
ΠI(Q2) = 12
∫
d4p
(2pi)4
γµ
m(p)
p2
γνTµν(Q− p), (23)
while
Tµν(Q− p) =
∫
d4xe−i(Q−p,x)Tr[tµν(x)], (24)
with
tµν(x) = γµG0(x)γνG0(x). (25)
Here
G0(x) = −
1
2pi2
xˆ
x4
(26)
is the Fourier transform of the propagator SQ determined by Eq. (22).
To obtain results in analytical form we parameterize the dynamical quark mass caused by
the small size instantons
m(p) =
A
(p2 + η2)3
, (27)
with A and η the adjusting parameters. The power of denominator insures the proper behavior
m(p) ∼ p−6 at p→∞ [9].
5The results are obtained in [12].
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In terms of the parametrization (27) the quark condensate created by the field of instantons
can be written as
〈0|q¯(0)q(0)|0〉s = −4Nc
∫
d4p
(2pi)4
m(p)
p2
=
3A
2η4
. (28)
(Here we kept the Minkowsky metric for the quark operators in the vacuum expectation values.)
Calculating the tensor Tµν we present
ΠI(Q2) =
3
pi2
∫
d4p
(2pi)4
A
p2(p2 + η2)3
(Q− p)2 ln (Q− p)2, (29)
Note that putting p = 0 in the factor (Q − p)2 ln (Q− p)2 of the integrand on the RHS of
Eq. (29) we would obtain
ΠI(Q2) = Xs =
3Q2 lnQ2
8pi4
∫
∞
0
dp pm(p) = B3(Q
2), (30)
with B3(Q
2) defined by Eq. (8). Thus we can view calculation of the contribution given by
Eq. (23) as inclusion of non-localities in the scalar quark condensate.
Further details of calculations are presented in [12]. We have
B′3(M
2) = 2aM4F (β); F (β) =
1
3
(2(1− e−β)
β
+ e−β(1− β) + β2E(β)
)
. (31)
β = η2/M2.
Here
E(β) =
∫
∞
β
dt
e−t
t
. (32)
Adding the contribution of continuum states we obtain [12]
B˜3(M
2,W 2) = 2aM4Φ(M2,W 2) ; (33)
Φ(M2,W 2) =
1
3
( 2
β
(1− e−β) + e−β(1− β)− e−γ(1− β + γ) + β2(E(β)− E(γ))
)
.
The functions Ei(i = 0, 1, 2) are determined by Eq. (19).
3.3 Solutions
The solutions of sum rules for the nucleon in conventional approach and in the instanton vacuum
are presented in Tables 1,2. Here we choose the values of instanton radius ρ = 0.33 fm and
separation R ≃ 1 fm which provide the quark condensate a = 0.55GeV3. We account for
the anomalous dimension of the operators (factor (20) in (18)) and for the non-logarithmic αs
correction [13] implemented as it described in [14] 6.
6Strictly speaking, in the case of the instanton zero mode contribution the αs correction may be a little bit
different, however we keep the same (old) expression to see just the difference caused by the non-locality of the
quark condensate. We checked that the variation of the correction factor (35) between 1+αs/pi and 1+ 2αs/pi
changes the value of nucleon mass m less than ±3%.
8
That is the terms A0, B3 and A6 are multiplied by the factors (see Eqs. (18),(23) in [14])
A˜0 → A˜0 · r0; r0 = 1 +
αs
pi
53
12
. (34)
B˜3 → B˜3 · r3; r3 = 1 +
αs
pi
3
2
. (35)
A˜6 →
4
3
a4(M
2)
L(M2)
· r6; a4(M
2) = a2 L(M20 ); (36)
r6 = 1−
αs
3pi
[
5
2
+ ln
W 2
M20
+ E(−W 2/M2)
]
.
Here E(x) =
∑
n=1 x
n/(n · n!).
We use the quark condensate a = 0.55GeV3, ΛQCD = 230 MeV and the value of QCD
coupling is found at the scale 1 GeV; that is the corresponding one loop (with three light
quarks) αs = 0.475 in (34, 36, 35). In [14] it was assumed that the factorization of the 4-quark
condensate takes place at a certain momentum k: k2 =M20 ,M
2
0 = 1GeV
2. The duality interval
0.8 < M2 < 1.4GeV2. (37)
In the line I of the Table 1 the nucleon parameters obtained in the full sum rules equations
[14] are shown. The difference between presented computation and [14] is in the value of ΛQCD.
The full sum rules equations contain some more terms in comparison with Eqs. (8), they are:
the term A8 which accounts for the 〈|q¯q¯Gµνσµνqq|〉 condensate; B7 - containing both quark
and gluon condensates; B9 - which is the 6q-condensate. The values of these condensates are
assumed to be the same as in [14]. In the line II we present the results obtained when only
the terms A0 and B3 with αs-corrections and anomalous dimensions are taken into account in
calculations.
As it is seen from Table 1 accounting for the structure of instanton vacuum we get the
result quite different from that obtained in the framework of the conventional approach, which
is shown in line I. The difference is caused by two effects. First, it is the absence of the four
quark condensate contribution. In the one instanton model with the Ioffe current (3) we have
A6 = 0; the corresponding result where only the terms A0 and B3 are included is presented in
line II. Next it is the x-dependence (non-locality) of the 〈0|q¯(0)q(x)|0〉 condensate. After the
inclusion of non-locality in a simple one instanton model we actually loose the solution. The
values of the residue λ2, the continuum threshold, W 2 and of the nucleon mass m become too
small and the contribution of nucleon pole becomes negligible.
Finally we consider the situation where only a fraction, ws < 1, of the conventional 〈|q¯q|〉
condensate is due to the small size instantons with 1/ρ ≃ 600 MeV; the remaining part of the
condensate is written in the first term of Eq. (38) as (1− ws)〈|q¯(0)q(0)|〉. This remaining part
is caused by some slowly varying color field or by large size instantons and can be included in
our calculations in a ”local” approximation, that is replacing 〈|q¯(0)q(x)|〉 by 〈|q¯(0)q(0)|〉.
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In other words now we will keep the contributions A0, B3 and A6 in the sum rules for the
nucleon (7). The ΠI component takes the form
ΠI(Q2) = 2a(1− ws)Q
2 lnQ2 + wsXs , (38)
where Xs is given by the previous expression (30).
The four quark condensate contribution with one quark placed in the instanton zero mode
can be written as
A6 =
4a(1− ws)ws
pi2
∫
d4p
(2pi)4
m(p)
p2
Qˆ− pˆ
(Q− p)2
, (39)
leading to the additional factor in expression for A˜6 (36) [12]. Thus
A˜6 → A˜6 (1− ws)
(
(1− ws) + 2ws
E0(β)
β
)
. (40)
This corresponds to the case when the remaining (1−ws)〈|q¯q|〉 condensate is produced by some
completely different slowly varying colour configuration and there is no repulsion between this
long-wave configuration and the small size instanton. Here the first term in (40) corresponds
to the case when both quarks are coming from this slowly varying field while the second term
accounts for one quark in the instanton zero mode. Otherwise we still put A6 = 0 if there is
the repulsion between these two sources of quark condensate. Say, when the remaining part is
caused by the larger size instantons which is due to instanton-instanton effective repulsion can
not occupy the same space domain we put A6 = 0
7. We consider both possibilities. The set of
diagrams included in the SR is shown in Fig. 1.
To demonstrate the size of a possible effect we take a 50% - 50% mixture of a small (1/ρ =
600 MeV) and a large (1/ρ ≫ MBorel) size configurations. The results shown in Table 2
correspond to solution of SR equations with the conventional total quark condensate a =
0.55GeV3 (the quark mass at p = 0 is m(0) = 0.292 GeV) but the contribution of a small size
configurations are taken with the weight ws = 0.5.
Assuming that A6 = 0 due to repulsion, we get a reasonable solution (lines I) with
m = 1063MeV, λ2 = 1.40GeV6, W 2 = 1.97GeV2 and very good ”duality” manifested by
χ2N = 0.002. The ratios of the RHS/LHS inside the duality interval (37) are shown in Fig. 2.
Omitting the αs-corrections we obtain too large value of mass m = 1268 MeV.
If we neglect the repulsion effect and include the four quark A6 term then we loose the
physical solution. Both - with and without the αs-corrections, the contribution of the nucleon
pole term becomes too small (see the lines II). However if we fix the value of m = 940 MeV
(lines III) than the pole contribution becomes larger and the quality of ’duality’ between the
LHS and the RHS of sum rules equations is not too bad, corresponding to about 10% error.
On the other hand such a solution does not provide the global minimum of χ2.
The dependence of the parameters m, λ2 and W 2 on the position of duality interval is
shown in Table 3. It is seen that in spite of the fact that for a larger Borel mass we get a
7In the last case we have to say (assume) that in the domain occupied by the polarization operator (2) there
is only one, either large or small size instanton.
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much better χ2, the relative nucleon pole contribution strongly decreases with M2. On the
other hand the value of m depends on the duality interval weakly. Therefore the conventional
0.8 < M2 < 1.4 GeV2 interval (37) looks as an optimal choice.
4 Comment about the previous attempt to account for
the instantons
The instanton contribution to the QCD sum rules for the nucleon was discussed long ago
in [15, 16, 17]. Authors were interested in description of the quark correlations in the polar-
ization operator due to interaction of two quarks with the same instanton. In other words the
authors considered the instanton correction to the Green function of two quarks but neglect the
instanton effect in the propagation of one quark where just the ”mean field” scalar condensate
〈0|q¯(0)q(0)|0〉 was included.
Moreover in the case of Ioffe current (3) the term considered in these papers [15, 16, 17]
have the form
〈|q¯q|〉 · |wave function of two quarks in instanton zero mode|2. (41)
Simultaneously the authors choose such instanton parameters that the whole value of the con-
densate 〈|q¯q|〉 is produced by the same instanton. As far as we account for the instanton-
instanton repulsion it means that we are looking for two u-quarks (in a proton case) in the
same zero mode, that is impossible. The only possibility is to say that the 〈|q¯q|〉 factor in (41)
is of another (not the same instanton) origin. This means that this factor should be smaller
(most probably much smaller) than the conventional value of 〈|q¯q|〉 condensate; that is the
effect should be much smaller (at least it should be suppressed by the factor ws(1−ws) < 1/4)
than the estimation presented in these papers.
5 Conclusion
We have demonstrated that the non-trivial structure of quark condensate caused by the quark-
quark correlations in the instanton colour field strongly affected the solution of QCD sum rules
for the nucleon. In a simplified model of instanton vacuum where the size of instanton is fixed
(1/ρ = 600 MeV) and only one instanton can be placed into the domain occupied by the nucleon
polarization operator (2) we loose the solution at all. However assuming that only one half of
the 〈|q¯(0)q(x)|〉 condensate has the non-locality induced by the fermion zero mode of the small
size ρ = 1/(600MeV) instantons we obtain a reasonable solution with m = 1063 MeV (shown
in line I of the Table 2). Thus the QCD sum rules still can be used to evaluate the properties of
the hadrons but one has to take care about more complicated structure and the x-dependence
of a more realistic condensates.
However now we have to account for the x-dependence of condensates explicitly. The inverse
size of the instanton is comparable to the typical Borel mass used in the QCD sum rules.
Therefore we have no reasons to expect a good convergency of the OPE and it is not sufficient
to include the non-locality just in terms of the first (or few) derivative(s) corresponding to the
Taylor expansion at x2 = 0.
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version m λ2 W 2 χ2N
MeV GeV6 GeV2
I 928 2.36 2.13 0.02
II 1271 4.35 3.09 0.02
III 199 0.04 0.63 0.05 non-physical
III(noαs) 526 0.041 0.756 0.012 non-physical
III(m - fixed) 940 0.52 1.46 7.70 non-physical
Table 1: Solutions of the sum rules equations. In the line I calculations are made by the Ioffe
equations (see text); the line II: parameters are obtained with A0 and B3 terms only; the
line III: calculations are made using the contribution of the single instanton by equation (33)
and αs-corrections are taken into account; III(noαs) - the same as III but without the αs-
corrections (34 - 36); III(m-fixed) - the same as III but mass is taken equal to m = 0.94 GeV
and fixed. χ2 values are calculated assuming the 10% error bars, χ2N = χ
2/N , N is the number
of fitting point.
version m λ2 W 2 χ2N
MeV GeV6 GeV2
I 1063 1.40 1.97 0.002
I(noαs) 1268 2.21 3.02 0.02
II 574 0.55 1.07 0.09 non-physical
II(noαs) 640 0.60 1.34 0.11 non-physical
III 940 1.46 1.89 1.22 m - fixed
III(noαs) 940 1.36 2.36 0.46 m - fixed
Table 2: Solutions of the sum rules equations assuming that the non-locality of instanton
induced quark condensate is included with the weight ws = 0.5. In the lines I and I(noαs)
calculations are made by the SR equations with the following terms on the LHS: A˜0 (18) and
B˜3 (33). The αs-corrections are included in results of I and not included in I(noαs). Results
in the lines II, III are obtained with A˜0, B˜3 and A˜6 given by Eqs. (18), (33), (40) in the SR
left hand sides. The αs-corrections are included in line II and not included in II(noαs). In
lines III we present the same results as in II but for the fixed m = 0.94 GeV.
Table 3: Solutions of the sum rules equations in various intervals of the values of the Borel
mass.
M2, GeV2 m, MeV λ2, GeV6 W 2, GeV2 χ2N
0.8-1.4 1063 1.40 1.97 1.6(-3)
1.0-1.6 1066 1.37 1.94 2.3(-4)
1.4-2.0 1069 1.36 1.93 1.0(-5)
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Figure captions
Fig. 1. Diagrams for the nucleon polarization operator in the presence of the instanton; (a) -
free quark propagators, (b, c) - one quark is in the zero fermion mode, (d, e) - one quark reverse
the helicity in the zero mode of the small instanton while another quark change its helicity
interacting with the long wave colour field (large instanton or another long wave field).
Fig. 2 The ratios of the RHS/LHS inside the duality interval (37) for the parameters on the
line I in Table 2. The solid and dashed lines are for the qˆ and I parts of the sum rules,
correspondingly.
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